Abstract. Let V = V (n, q) denote the vector space of dimension n over the finite field with q elements. A subspace partition P of V is a collection of nontrivial subspaces of V such that each nonzero vector of V is in exactly one subspace of P. For any integer d, the d-supertail of P is the set of subspaces in P of dimension less than d, and it is denoted by ST . Let σ q (n, t) denote the minimum number of subspaces in any subspace partition of V in which the largest subspace has dimension t. It was shown by Heden et al. that |ST | ≥ σ q (d, t), where t is the largest dimension of a subspace in ST . In this paper, we show that if |ST | = σ q (d, t), then the union of all the subspaces in ST constitutes a subspace under certain conditions.
Introduction
Let V = V (n, q) denote a vector space of dimension n over the finite field with q elements. We use the term d-subspace to refer to a subspace of dimension d. For any subspace U of V , we let U * denote the set of nonzero vectors in U. A subspace partition P of V , also known as a vector space partition, is a collection of nontrivial subspaces of V such that each vector of V * is in exactly one subspace of P (e.g., see Heden [12] for a survey). The study of subspace partitions originated from the general problem of partitioning a finite (not necessarily abelian) group into subgroups that only intersect at the identity element (e.g.; see Zappa [21] for a survey). Subspace partitions can be used to construct translation planes, error-correcting codes, orthogonal arrays, and designs (e.g., see [1, 2, 3, 7, 10, 17, 18, 19] ). find necessary and sufficient conditions for the existence of a subspace partition of V of a given type (e.g., see [6, 4, 8, 9, 19, 13] for the solution of some special cases). Two obvious necessary conditions for the existence of a subspace partition of type [d To the best of our knowledge, there are not many other known necessary conditions for the existence of a subspace partition P of V . Heden and Lehmann [13] derived some necessary conditions (see Lemma 10) by essentially counting in two ways tuples of the forms (H, U) and (H, W 1 , W 2 ), where H is a hyperplane of V and U, W 1 , W 2 are subspaces of P that are contained in H. Blinco et al. [5] and Heden [9, 11] derived some necessary conditions on the set T of subspaces of minimum dimension (called tail in [9] ) of P. The concept of tail was later generalized by Heden et al. [15] , as we shall see below.
Let P be a subspace partition of V = V (n, q) of type [d
of P is the set of subspaces in P of dimension less than d, and it is denoted by ST . The size of a subspace partition P is the number of subspaces in P. For 1 ≤ t < n, let σ q (n, t) denote the minimum size of any subspace partition of V in which the largest subspace has dimension t. The exact value of σ q (n, t) is given by the following theorem (see André [1] and Beutelspacher [3] for n (mod t) ≡ 0, and see [14, 20] for n (mod t) ≡ 0). Theorem 1. Let n, k, t, and r be integers such that 0 ≤ r < t, k ≥ 1, and n = kt + r. Then
⌉ + 1 for r ≥ 1 and n ≥ 2t.
The following theorem of Heden et al. [15] generalizes a theorem of Heden [11, Theorem 1].
If equality holds in (3), then Theorem 2 has the following interesting corollary (see [15] ). Note that the crucial part of the conclusion of Corollary 3 is that the set of all points covered by the subspaces in ST is a subspace. (In general, the d s -supertail of a subspace partition of V (n, q) need not be a subspace.) One outstanding question that remains is whether the conclusion of Corollary 3 holds for d s−1 < d s < 2d s−1 . For the special case when ST is a simple tail, Heden [11, Theorem 3] proved the following theorem.
If ST is the tail of P (i.e., ST is the set of d 1 -subspaces) such that |ST | = q d 1 + 1 and d 2 < 2d 1 , then ST is a d 1 -spread ( i.e., a subspace partition consisting of d 1 -subspaces).
In this paper we prove the following generalization of Theorem 4.
Furthermore, assume that one of the following conditions holds.
Then the union of the subspaces in ST forms a subspace W . Moreover,
The following result is a consequence of Theorem 2, Corollary 3, and Theorem 5.
Remark 7. Note that the condition s = 3 in Corollary 6(ii) is equivalent to saying that ST contains subspaces of two different dimensions, namely d 1 and d 2 .
Theorem 5 can be viewed as a special case of the general question of determining nontrivial conditions under which a set of points of a projective space forms a subspace. We conjecture that Theorem 5 holds in all cases, and not just if (i), (ii), or (iii) holds.
The rest of the paper is organized as follows. In Section 2, we gather some known results that we shall use in Section 3 to first establish some auxiliary results, and then to prove our main results, i.e., Theorem 5 and Corollary 6. Finally, we include some supporting lemmas in Section 4 (Appendix).
Preliminaries
Let n be a positive integer and let q be a prime power. Set Θ 0 = 0. For any integer i such that 1 ≤ i ≤ n, let
q − 1 denote the number of points (i.e.,1-subspaces) in an i-subspace.
We will need the following elementary results (Proposition 8 and Proposition 9).
Proposition 8. The number of hyperplanes containing a given d-subspace of V (n, q) is
To state the next lemmas, we need the following definitions. For n ≥ 2, let P be a subspace partition of V = V (n, q) of type [d
For any hyperplane H of V , let b H,x be the number of x-subspaces in P that are contained in H and set
We will use Lemma 10 and Lemma 11 by Heden and Lehmann [13] .
Lemma 10. Let P be a subspace partition of V (n, q), and let B and s b be as defined earlier. If P contains two different subspaces, one of dimension d and another of dimension
Lemma 11. Let P be a subspace partition of V (n, q). If H is a hyperplane of V , then
We will also use the following lemma due to Heden et al. [14] .
Finally, we will need the following lemma due to Herzog and Schönheim [17] , and independently Beutelspacher [3] and Bu [6] .
Lemma 13. Let n and d be integers such that 1 ≤ d ≤ n/2. Then V (n, q) admits a partition with one subspace of dimension n − d and q n−d subspaces of dimension d.
Auxiliary Results and the proof of the main theorem
In this section, we use H to denote the set of all hyperplanes of V .
Let B W be a basis of W , B U a basis of U, and consider a basis B of V obtained by extending
The lemma follows.
Lemma 15. Let P be a partition of V (n, q) with supertail ST consisting of subspaces of dimensions at most t. For any H ∈ H, let β H = i≤t b H,i q i and let β 0 = min H∈H β H . Then |ST | ≥ β 0 + 1.
Proof. Suppose that |ST | ≤ β 0 . Then, applying the definition of β H , implies that
and thus with the use of Lemma 10, we obtain
which is a contradiction since
n i Θ i is the number of points in ST , and this number is positive.
Lemma 16. Let P be a partition of V (n, q) with a d-supertail ST such that t is the maximum dimension of any subspace in ST and d < 2t. For any H ∈ H, let β H =
Proof. Let a be the minimum dimension of any subspace in ST First, suppose that for some H ∈ H, we have β H < q t . Then by Lemma 12,  
i=a n i = |ST | = q t + 1, it follows after some arithmetic that
Let P be a partition of V (n, q) with a d-supertail ST . If ST has type [t q t +1 ], then we recall that it follows from Heden [11, Theorem 3] that the union of the subspaces in ST is a 2t-subspace. The following lemma is an extension of that result.
Lemma 17. Let P be a partition of V (n, q) with a d-supertail ST of type [t 1 , a q t ], i.e., ST contains one subspace of dimension t and q t subspaces of dimension a, where t > a. Then the union of the subspaces in ST forms a t + a-subspace.
Proof.
Recall that H denotes the set of all hyperplanes of V . Let H ∈ H be any hyperplane. It follows from Lemma 12 that there exists an integer c H ≥ 0 such that
Thus,
where 0 ≤ b H,a ≤ q t and b H,t ∈ {0, 1}. Let A be the set of a-subspaces in ST , and let α i denote the number of hyperplanes in V that contain exactly i members of A. If α i = 0, then there exists a hyperplane H ∈ H that contains exactly b H,a = i members from A. Thus, it follows from (5) that (6) α i = 0 ⇒ q t−a divides i.
Define the integers x, y, and z as follows:
Then it follows from Lemma 10 that
Since q t i=0 α i = |H| = Θ n , it follows by (6) and the definition of z that
Using (7)- (9) and the fact that n a = q t and Θ i = (q i − 1)/(q − 1), we obtain
Thus, it follows from (10) and (11) that (12)
and it follows from (12) that
Furthermore, since b H,t ∈ {0, 1}, it follows from (5) that for any hyperplane H, we have
Hence, if W t is a t-subspace and W a is an a-subspace in the supertail ST , then each of the α 0 hyperplanes that contain no a-subspace is a hyperplane that contains W t but not W a . As there are θ n−t − θ n−t−a such hyperplanes, it follows that
Since we considered any a-subspace of ST , the argument shows that the θ n−t−a hyperplanes that contain some W t must indeed contain all the a-spaces of ST . Thus all the subspaces of the supertail must be contained in the intersection T of these θ n−t−a hyperplanes. Moreover, since θ n−t−a hyperplanes intersect in a subspace of dimension at most t + a, it follows that T has dimension t + a and is thus partitioned by the supertail.
We are now ready to prove our main theorem.
Proof of Theorem 5. Let P be a partition of V (n, q) with a d s -supertail ST of size
To simplify the notation, we set d = d s and t = d s−1 . Let k and r d be integers such that k ≥ 1, n = kd + r d , and 1 ≤ r d < d. Recall that if d ≥ 2t, then Corollary 3 holds. So we may assume that r t = d − t satisfies 0 < r t < t.
Since P contains subspaces of dimensions d and t, it follows that n ≥ d + t. We now show that n ≥ 2d. By way of contradiction, assume that n < 2d. Then the dimension condition (see (2) in Section 1) implies that P contains at most one d-subspace. Thus, P contains exactly one d-subspace, Y , and its d-supertail is ST = P \ {Y }. Since n ≥ d + t, |ST | = q t + 1 and the maximum dimension of any subspace in ST is (by definition) t, it follows that
which is a contradiction since d > t and q ≥ 2. Thus, a d-supertail of a partition P of V (n, q) cannot be of minimum size σ q (d, t) = q t + 1 if n < 2d. So we may assume that n ≥ 2d, i.e., k ≥ 2 (which we will use in the proof of part (iii) below). We now prove the theorem for each of the three conditions (i), (ii), and (iii) stated in the theorem.
(i) Suppose the supertail ST contains subspaces of at most two different dimensions d 1 = a and d s−1 = t such that t > a. Since n i denotes the number of i-subspaces, we have (16) n t + n a = |ST | = q t + 1, where n t > 0 and n a ≥ 0. Moreover, since d = t + r t , Lemma 16 yields
where c 0 is a positive integer. Since Θ i = (q i − 1)/(q − 1), it follows from (16) and (17) that
Since gcd(q t , q t−a −1) = 1, the above equation implies that q t−a −1 divides c 0 q rt−a −1.
Hence n t = q t · x + 1, where x = c 0 q rt−a − 1 q t−a − 1 is either 0 or 1 since n t ≤ q t + 1. If x = 0, then n t = 1 and n a = q t . In this case, it follows from Lemma 17 that the union of the subspaces in ST is a subspace of dimension t + a = d s−1 + d 1 . If x = 1, then n t = q t + 1 and n a = 0. In this case, ST contains only subspaces of dimension t = d s−1 and Theorem 4 implies that ST is a d s−1 -spread.
(
t − 1. Now the main theorem follows from Theorem 4 and part (i) above.
q id , and let P be a partition of V (n, q) with a d-supertail ST of minimum size q t + 1. Then P \ ST must be a partial d-spread. Note that
Let µ q (n, d) denote the maximum number of d-subspaces in any partial d-spread of V (n, q). Then the upper bound given by Drake-Freeman [7, Corollary 8] implies that
Since n = kd + r d and the maximum dimension in P is d, it follows from Theorem 1 that
By definition of P and ST , it follows that
Hence, (19) , (20) , and (21) yield
Since 0 ≤ r d < d, d = t + r t , and 1 ≤ r t < t, it follows that
Thus, (22) and (23) yield
Next, it follows from Lemma 16 that there exists some integer c 0 such that the number of vectors in X∈ST X is equal to
where a is the smallest dimension of a subspace in ST . Since P \ ST is a partial d-spread of V (n, q), it follows from (25) and from counting in two ways the number of nonzero vectors in V (n, q) that
By using the hypotheses of Corollary 3 and Theorem 5, we can infer that W = X∈ST X is a subspace of V and dim W ≥ d s . Thus, it follows from the definitions of P and ST that (29) P ′ = {X ∈ P : X ∈ ST } ∪ {W } is a subspace partition of V . Since P contains a d s -subspace and dim X < d s for any X ∈ ST , it follows from the definition in (29) that P ′ also contains a d s -subspace Y . Let ST ′ be the d s+1 -supertail of P ′ and let h be the the largest dimension of a subspace in
and ST is the disjoint union of ST ′ and ST . Thus,
, and ST is the disjoint union of ST ′ \ {W } and ST . Thus,
If d s < 2d s−1 and d s+1 < 2d s , then dim W < d s+1 < 2 dim W , and it follows from Theorem 1 that
Thus, from (31) and the strict inequality of (32), we obtain that 
i=0 q id , and let P be a partition of V = V (n, q) whose largest subspace dimension is d and such that n d = ℓq d . Assume, furthermore that P has a d-supertail ST of minimum size |ST | = q t + 1 and with largest subspace dimension t. Then, the following conclusions hold. that P has a d-supertail ST of minimum size |ST | = q t + 1 and with largest subspace dimension t. Then the union of the subspaces in ST is itself a d + r d -subspace.
Proof. We again let D denote the family of d-subspaces in P, and we let α i denote the number of hyperplanes in V = V (n, q) that contain exactly i members of D. It is trivial that α i ≥ 0 for all i; a fact that we will use later for all i. From Lemma 18, we know that
We first define the integers x, y and z by Since n = kd + r d , d = t + r t , and 1 ≤ r d ≤ t − r t , we can use Lemma 13 to construct a partition P 0 of V (n, q) with ℓq d subspaces of dimension d, one t-subspace, and q t subspaces of dimension r d + r t . (Note that if r d = t − r t , P 0 has type [d ℓq d , t q t +1 ].) In order to show that the right side of (41) is equal to zero, we consider the partition P 0 . From the construction of the partition P 0 , it follows that the points in the d-supertail
